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Abstract 

We consider two new classes of twisted D=4 quantum Poincare symmetries 
described as the dual pairs of noncocommutative Hopf algebras. Firstly we inves- 
tigate a two-parameter class of twisted Poincare algebras which provide the ex- 
amples of Lie-algebraic noncommutativity of the translations. The corresponding 
associative star-products and new deformed Lie-algebraic Minkowski spaces are 
introduced. We discuss further the twist deformations of Poincare symmetries 
generated by the twist with its carrier in Lorentz algebra. We describe corre- 
sponding deformed Poincare group which provides the quadratic deformations of 
translation sector and define the quadratically deformed Minkowski space-time 
algebra. 
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1 Introduction 

In the last decade there were found arguments based on quantum gravity [H |2] and 
string theory ^ |3] , which lead to the following noncommutative space-time coordinates 
(see e.g. 0) 

[x^,x^] = —6f,y {kx) , (1.1) 
where At is a masslike parameter, and 

V {kx) = + kOI^J % + K'e'-^J P^X,Xr + .... (1.2) 

The introduction of noncommuting relativistic coordinate space p.lj) [O^i, ^ 0) imply 
that 

i ) There appears in the theory the fundamental geometric mass parameter k, which 
further can be identified with Planck mass. 

ii ) In the theory one must introduce the collection of numerical dimensionless con- 
stant tensors ^{fj (A; = 0, 1, 2 . . . ) . 

If we do not modify the classical relativistic (Poincare) symmetries, these constant ten- 
sors break the Lorentz invariance. However, one can introduce the quantum deformation 
of relativistic symmetries in such a way, that the particular form of the commutator 
(jl.lj) remains covariant. 

The new quantum symmetry leaving invariant the simplest form of the eq. (jl.lj) 
{^^lv = (^fy) was discovered recently in jH]-Pn]- It has been shown that the non- vanishing 
commutator of space-time coordinates 

[£.,5.] = -^^), (1.3) 

r\j 

is covariant if we consider the Poincare symmetries as described by a Hopf algebra and 
modify the Lorentz coalgebra sector through the following twist factor 

Te = e^Vi^^{el^)P,^Pu). (1.4) 

In such a way one gets the twisted Poincare-Hopf structure with classical Poincare 
algebra relations and modified coproducts of Lorentz generators M^,, 

Ae{P,) = Ao(P^), 
AeiM^u) = Te o Ao(M^,) o T^^ 

= Ao(M^,) - 1^J5[(7^^^P, - T],, P^) ® (1.5) 

+ Pp ® {'qa^iPu - VauPfi)] , 
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where Ao(^) = g^l + l^g and (a ® 6) o (c ® = ac ® bd. 

The dual ^^^^-deformed Poincare group was firstly constructed some years ago jTT] 
and rediscovered recently [7|. Its algebraic sector looks as follows 

K«1 = -^2%(KK-SW, (1-6) 

[A^Ag = [a^Ag=0, (1.7) 

and the coproducts remain classical 

A(a^) = A^^ ® a'^ + a'' ® 1 , A( A^J = A^^ k"^ . (1.8) 

We see easily that the noncommutative space-time ()1.3|) can be obtained by putting 
A^j^ = in the deformed translation sector ()1.6|) . 

The twist (jl.4j) provides an example of a "soft" or Abelian deformation^, with the 
classical r-matrix 

- = ^^fo)^.AP., (1.9) 

having the Abelian carrier algebra [P^, Py\ = 0. We recall that the classification of all 
D = 4 Poincare algebra r-matrices satisfying classical Yang-Baxter equation (GYBE) 
are known jT2]- 

An arbitrary D = 4 Poincare classical r-matrix can be split as follows 

r = 1 ^^,7 il/V /\ + ^ ^fiT ^ ^^^P + ^ A P. , (1.10) 

where the numerical parameters O^^!^-^'^ , ^(o) dimensionless and (see table 1 in 
[T^ ) they are determined by the appropriate conditions.^ 

In this paper we shall consider the following two classes of twist deformations: 
a) Lie-algebraic deformations. 
One can choose 

Q^up ^ ^^upr^^ ^ gpupr ^ gpu^ ^ q ^ ^^^^^^ 

where the indices {y-,p) are fixed and v-r is a numerical four- vector with two non- 
vanishing components. 

In such the classical r-matrix describes "soft" or Abelian deformation 

with carrier algebra described by three commuting generators M^p ,Pe,{^ 7^ 
a, P; a, (3 fixed). The twist function is given by the formula 

J^d) = exp -f^ = exp ^(C^ Pa A M^p) , (1.12) 

^Such a deformation is sometimes called of Reshetikhin type, following twisting procedure for Lie 
algebras with twist factors having the carrier in Cartan subalgebra (see 

^For example if ^('2')'"^ ~ ^(1) ~ ^ antisymmetric matrix ^^q*^ can be arbitrary. 
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where the vector = 6^°!^ has vanishing components In particular the 

twist ()1.12|) for the special choices {Mq/j = Mo3,e = 1,2} and {Mais = Mi2,e = 
0, 3} has been discussed some time ago in [Hj. 

b) Quadratic deformations. 
We choose 

r = 'M^,^ a M^s (1.13) 

where 9'^2{'^ = —O^^)^ = —O'^f^^'^ = —OJ^^^ and the indices a, /3 , 7 , 5 are all 
different and fixed. The corresponding twist factor is given by the formula 

^(2) = exp M^p A M^s , (1.14) 

where C, = 0^^)'^ is a numerical parameter. 

We add here that because the carrier algebra for both twist functions ()1.12|) and 
()1.14j) is Abelian they satisfy the cocycle condition (see Sect. 2, Eq. ()2.5|) ) which implies 
the associativity of the considered noncommutative structures. 

The aim of this paper is to investigate the relativistic symmetries modified by the 
twists (jl.l2p . (jl.l4|) and corresponding noncommutative Minkowski spaces. In such a 
way we obtain the two-parameter family of new deformed space-times with Lie-algebraic 
noncommutativity structure, as well as noncommutative Minkowski spaces defined by 
quadratic relations. We observe here also that our results in the case of quadratic 
relations should be contained as isomorphic algebraic structures in general list of possible 
quantum orthogonal groups and deformed Minkowski spaces as their quantum cosets 
(see [T3] and jTHl, Appendix A). Our advantage over previous results which also provided 
link between star-products and the linear/quadratic quantum space commutators (see 
6.g. 53 ) follows from more efficient starting point based on twisted Hopf-algebraic 
space-time symmetries. In such a way we obtain together the noncommutative space- 
time structure as well as the covariance of the deformed space-time algebra. 

The paper is organized as follows: In Sect. 2 we describe the Hopf-algebraic form 
of twisted quantum Poincare algebra and quantum Poincare group which are obtained 
by application of the twist ()1.12|) . In Sect. 3 we introduce corresponding associative 
star products and discuss the quantum Minkowski space as the representation (Hopf 
algebra module) of the deformed relativistic symmetries. In such a way the algebraic 
relations defining quantum Minkowski space follows as covariant under the action of 
twisted Poincare algebra. Further we shall compare the presented quantum space-time 
algebra with the ^-deformation providing known particular example of Lie-algebraic 
deformation of the Minkowski space. In Sect. 4 we shall discuss the quadratic noncom- 
mutativity of space-time coordinates, described by 0^!^^'^ 7^ 0. Using the twist generated 
by the first term of the general formula ()1.10|) (see p.l4|) ) we shall define corresponding 



3 



twist-deformed Poincare group as well as the deformed Minkowski space represented 
by the translation sector. The noncommutative associative star product provides new 
quadratic deformation of four- dimensional space-time. We show that the deformed 
Minkowski space interpreted as the translation sector of quantum Poincare group and 
as the Hopf module of twisted Poincare algebra provide the same formulae. In Sect. 5 
we shall provide an outlook. Following recent proof in any twist satisfying cocycle 
condition permits to define associative noncommutative star product. One can discuss 
therefore along the lines of this paper also many "nonsoft" twist deformations of rel- 
ativistic symmetries, described by the twist factors of Jordanian [19] and generalized 
Jordanian 1201 El] type. 

2 Deformed Twisted Poincare Algebra and 
Poincare Group - Lie-algebraic case 

Let us start from the classical Poincare Hopf algebra U{V) described by the algebra 

[M^i,, Mp„] = i {r]^„ Myp - r]^„ M^p + r]upM^„ - r]ppM^„) , 
[M^.,Pp\=tiv.pP>.-V,.pPu) , (2.1) 

the following coalgebraic sector 

AoiPp) = Pp(E)l + l(E)Pp, AoiMp,) = Mp, 1 + 1 Mp, , (2.2) 

with the counits 

e{Mp,) = eiPp) = , (2.3) 

and the antipodes 

So{Pp) = -Pp , So{Mp,) = -Mp, . (2.4) 

We define twist T as an element of U{V) ®U{V) which has an inverse, satisfies the 
cocycle condition 

^12 (Ao ® 1) ^ = ^23 (1 ® Ao) ^ , (2.5) 
and the normalization condition 

(e® 1)J^= (l®e)J^= 1, (2.6) 

where J^i2 = J-' ®1 and JF23 = 1 (g) JF. It is known, that does not modify the algebraic 
part ()2.H) and the counit, but changes the coproducts ()2.2|) and the antipodes ()2.4p as 
follows (see e.g. [2]) 

A^(a) = To Ao(a)o^-i, (2.7) 
Sr{a) = USo{a)U~\ (2.8) 
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where due to (|2.5p the coproduct Ajf is coassociative, U = J2 f(i)^if(2)) ('^^ use 
Sweedler's notation JF = J2 f{i) ® /(2))- It should be stressed that in such a way we 

obtain for any choice of the twist the quasitriangular Hopf algebra (see e.g. |22j). 

In the case of the twist (jl.l2p . according to (j2.7|) . one gets 

A(P^) = AoiP^) + i-tysmh{t^^^Px)Aiva^.Pf3-V/3^.Pa) (2.9) 
+ (cosh(i'^^^PA) - 1) -L {rjcarjcpiPa + ilfspVPfiPp) , 

A(M^,) = AoiM^,) + Map A ^\r]^xPu - VuxP^.) (2.10) 



+ t [M^,, M„^] A (-z)^ sinh(z^e^PA) 

+ [[M^,, M,^] , Map] ± (-l)i+^(cosh(z^e'n) - 1) 

+ Map{-tr sinh(^^e^PA) ± i^xPa - XaP/3) 

+ i^XVaaPp + XxVPf^Pa) A (-1 ) (cOsh(^^e^PA) - 1) , 

where, in the above formulas a Ah = a ®h — h ® a, a-Lb = a^b + b<S)a, 

= 7^ , i'X = Vi^XVfS^i - Vf^XVfSi^ 1 XX = VuXVat, - Vl^XVau , 

and 7 = when M^p is a boost or 7 = 1 for a space rotation. We would like to point 
out that for two of the momenta the coproducts remain primitive, i.e. 

A(C'^P,) = Ao(C'^P^) . (2.11) 

By using ()2.8p one can also check, that the antipode is classical 

S^{P^) = -P^ , 5c(M^,) = -M^, . (2.12) 

The relations (EH), (Q, (Q, and (ITT^ describe the twist-deformed Hopf 

Poincare algebra lAc^iV) with the deformation parameters ^'^ proportional to the inverse 
of fundamental mass parameter k. Let us note that in the limit — >■ (equivalent to 
^ — >■ or K — > 00) from a such deformed algebra we recover the classical limit, i.e. the 
Hopf structure of classical enveloping Poincare algebra. Moreover, by straightforward 
calculation one can show that U(^{V) is real with respect the conjugation relations g* = g 
if (O* = 

The real Hopf algebra W^('P) is characterized by the universal 7^(i)-matrix 

7^(l) = T^'^ = exp(-- f^), {a(^bf = b(^a, (2.13) 

which can be used for the description of 10-generator C^-deformed Poincare group. 
Using the 5x5- matrix realization of the Poincare generators 

(M^,)^^ = d^'^v^B - Siv,B , {P,)^ = S^.S'b , (2.14) 
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we can show that in (j2.13j) only the term hnear in 1/k is non- vanishing 

7^(l) = l®l--C^^AAM„^. (2.15) 

To find the matrix quantum group which is dual to the Hopf algebra U^{V) we 
introduce the following 5x5- matrices 

fi=(^ ^'^ ) , (2.16) 

where A'^^ parametrizes the quantum Lorentz rotation and d'^ denotes quantum trans- 
lations. In the framework of the J^TZT procedure |22]; the algebraic sector of such a 
group is described by the following relation 

7^(l)rlr2 = f2fin^i) , (2.17) 

while the composition law for the coproduct remains classical 

A{fi)=f^®f%, (2.18) 
with '7i = T(8)l,'72 = l®T and quantum 7^(i)-matrix given in the representation 

(EH. 

In terms of the operator basis (A'^^, d'*) the relations ()2.17|) can be written as follows 
[a^ a-] = -CiKh - S'^p^a) + -C^iS^f^d^ - S^^dp) , (2.19) 

[d^, Ag = -C'A^,(r^^,A'^, - r/„,A-^) + ' ^^a^^p) , (2.20) 

[K,K] = 0, (2.21) 

while the coproduct ()2.18|) takes the well known primitive form 

A (A^J = A^^ kP, , A{dP) = A'^, ® a"^ + ® 1 . (2.22) 

Moreover, one can check by straightforward calculations that the above structure to- 
gether with the classical antipode 

S^CK) = -A^, , S^idP) = -A^, , (2.23) 

and the counit 

eiK) = K , = , (2.24) 
define *-Hopf algebra equipped with the following *-involution 

{an* = d^ , {A^r = K ■ (2.25) 

The relations ()2.19p - ()2.25|) describe the real C'^-deformed Poincare quantum group 
with noncommutative translations d^. 
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3 New Lie-algebraic Quantum Minkowski Spaces 
covariant under twisted Poincare symmetries 

In previous section we introduced the class of quantum relativistic symmetries, described 
by dual pairs of Hopf algebras: quantum Poincare algebras and quantum Poincare 
groups. If we know the quantum relativistic symmetry in its Hopf algebraic form, the 
deformed Minkowski space can be introduced in two ways: 

i ) As the translation sector of quantum Poincare algebra. 

ii ) As the quantum representation space (a Hopf module) for quantum Poincare 
algebra, with the action of the deformed symmetry generators satisfying suitably 
deformed Leibnitz rules PH 13 El • 

In the case of constant tensor dpv{i^x) = O^^J the translation algebra ()1.6j) is not 
identical with (jl.Hj) - the additional A^-dependent terms are needed for satisfying the 
coproduct formulae ()1.8|) as homomorphisms. The aim of the first part of this chapter 
is to show that for the twist p.l2|) these two ways of obtaining deformed Minkowski 
space lead to the same result. 

Let us consider firstly the case of standard Poincare symmetries acting on classical 
Minkowski space Ai with space-time coordinates x^. In the case of commutative algebra 
A of functions /(x) we have the representation of UiV) generated by the standard 
realization of Poincare algebra 

Pp > fix) = zdjix) , Mp, > fix) = I ixpd, - x,dp) fix) . (3.1) 

The action ()3.1|) on classical space-time coordinates looks as follows 

Pp\> Xp = ir]^p , Mp^ t>Xp = i ixpr]yp - x^r/pp) . (3.2) 

Additionally, the action of W(P) on algebra A is consistent with the trivial coproducts 
()2.2p . ()2.4|) . As a consequence, for any element h e UiV) we have the classical symmetric 
Leibniz rule 

h>LU ifix) ® gix)) = uj o (Ao(/i) > fix) ® gix)) , (3.3) 

with the commutative multiplication oj of classical functions ujoifix)®gix)) = fix)gix). 

The algebraic properties of the twist-deformed Minkowski space can be derived from 
the consistency of new noncommutative multiplication in algebra A with the twisted 
coproduct (j2.9j) . (j2.1U|) (see |24t|25jj). Assuming that any element h from twisted Hopf 
algebra acts by deformed Leibniz rule on A as follows 

h>ujr ifix) ® gix)) = ujr i^rih) > fix) ® gix)) , (3.4) 
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one can find a new noncommutative associative -k - product 

fix) * g{x) := 00^ (/(x) ® g{x)) = uj o [j^-^ > f{x) ® g{x)) . (3.5) 
According to (j3.H) and (j3.5p for tlie twist (jl.l2j) we liave 

f{x) * g{x) = uji; (fix) ® g{x)) = to o (e^'^'dx^i-'^dp-x^d^) ^^^^ ^ ^^^^^ ^ ^3 

Specifically, using ()3.2|) and ()3.6p one can now compute the commutator for (^^-deformed 
Minkowski space coordinates. Because 

i t 

Xf.'kXu = Xf, Xu + —CuiVaf^XiS - rjp^Xa) + —(^iiVfSuXa " VauX(3) , (3.7) 

1 1 

Xy 'k X ^ Xy X ^ 

we get 

z % 

The commutation relations ()3.9|) describe the Lie- algebraic deformation A^^ of the 
Minkowski space, which is the module (noncommutative representation) of the Hopf 
algebra Uq{V). Comparing with ()2.19p we see that one can identify the deformed 
Minkowski space with the translation sector of the quantum group Qq. The relations 
()3.9p can be written in more compact form as follows 

[Xfi, Xy]^ = C'^^^.Xp , (3.10) 

where the constants 

t z 
= -Cf^iVPuK - VaJ''f3) + -Cu{Va^^S''p - rjp^dP^) , (3.11) 

are the particular examples of the Lie algebra structure constants and provide a special 
example of the relations p.l|) . 

The relation ()3.10|) for another choice of Lie structure constants describes also the 
so-called K-deformed Minkowski space which in its more general form depends on the 
constant four-vector in the following way [2E] 

C',. = -C,K--Cu5P,- (3.12) 
The standard choice of K-deformation defining K-deformed Minkowski space is obtained 

if Cm = (1,0, 0,0). 
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The space-time algebra (j3.1(J|) can be written in a form recalling K-deformed 
Minkowski space relations 

[Xa, Xx]^ = -C\r]aaXi3 , [xp, Xx]^ = CxVPpXa , (3.13) 

where Ca = C/3 = 0. 

Let us now provide the covariance of relations (j3.1Up with respect the action of 
the algebra lAc_{V). According to ()3.4|) the action of C'^-deformed algebra on product 
/(x) -k g{x) is given by 

g>uj^ (fix) ® g{x)) = uj^ {A^{g) > (/(x) ® g{x))) , (3.14) 

where g = {P^,M^y). In order to show the quantum covariance ()3.10p we choose 
g = Mfj_i,, consider special case /(x) = Xp , g{x) = x^ and use ()3.14|1 . In such a way, we 
get 

M^^>{xpkXa) = w^(A^(M^^) > (xp^x,,)) (3.15) 

where /^^ = \{xp -k x^ + Xa Xp) hence we have 

Mp, > [xp, x,]^ = Mp, > C\^xx . (3.16) 

We see therefore that the relation (j3.1(jp is the same, with unchanged values of numerical 
coefficients, in any twist-deformed Lorentz frame. 

4 New Twisted Poincare Group and Quadratic 
Quantum Minkowski Spaces 

In this section we shall discuss the deformation generated by the twist p.l4|) . In analogy 
with ()2.13|) we can define the corresponding universal 7?-(2)-matrix. If we use the adjoint 
representation ()2.14|) one gets that the expansion of quantum 7^(2)-matrix in powers 
of deformation parameter contains all powers of 1/k. The closed form of the adjoint 
quantum 7^(2)-nicLtrix looks as follows 

7^(2) = l®l-i sinh C + (1 - cosh Qflp^s , (4-1) 

where fap-ys = A M^s- In the representation (j2.14j) we obtain that M^pM^s = 0, 
i.e. 

7^(2) = l0l-i sinh C M^f3 A M^s + (1 - cosh C)M^^ ± M^^ , (4-2) 
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It can be checked that this quantum 7^(2)-matrix satisfy the quantum YB equation 

7^l27^l37^23 = 7^237^l37^l2 , (4.3) 

where if 71 = IZ^ ® then IZ12 = TZa ® ® 1 etc. 

Again we apply the TTZT procedure [23] • The relation 



7^(2)rlt2 = t2rl7^(2) , (4.4) 

leads to the following algebraic sector of the twist- deformed matrix Poincare group (see 

(EISD) 

[nal] = (1-coshC) ^^(^Vo^p'^Q-O'p^f.^/}) (4-5) 



k = a,l3 



+ (r/"^n - r^"^n)(r^^^r^Q - v'^'fl) 

Hv'^T'p - v'^fi){t^f% - ry/^^r- )] , 

where 5\,5\f^^fl = n^'^^P^o + ^I^^^p^q- Pitting f>i ^ i T^^ ^ A^^ we 
get the relations ()4.5|) in more explicit form 

k = a.0 

+ i sinh ([(^''^a/j - S''f^da){S''^ds - S^gd^) 

-{6^^ds - 6^sd^){6''^d0 - S^/^da)] , 

or equivalently 

[d^, d\ = i smh.([{6^^d/3 - 5^pda){5''^ds - S^gd^) (4.7) 

-{6^^ds - 6^gd^){6''^df3 - S^f^da)] , 

where [a^, d^lq = di'd" - a'^a^ + (cosh C - 1) E^^=-'3 ^''a^'^i}^^^^^^ ■ Additionally 



1=1,6 



[a^Ag = (l-coshC) 5^ ^Vo^^'^'l (4-8) 



fc = a,/3 
1=7,(5 



+ i sinh C[((5^„a/3 - 6''pda){S\Asp - S^^A^p) 
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and 

[K,k%] = [t'^,t^J|^^^, (4.9) 

with explicit form of rhs of ()4.9|) given by rhs of ()4.5p with all five-dimensional indices 
A, B, . . . replaced by four-dimensional ones /i, z/, . . . . We see that the generators 
Ma/3, M^s, which describe the twist (I1.14|) . distinguish two sets of indices A = {a, P} 
and B = {7, 6}. One obtains [T^^,T^] 7^ only if at least one pair of upper or lower 
indices comes from different sets A, B. 

For our quantum group the coproduct, the counit and the antipode remain classical. 
The relations (j4.6|) - (j4.9j) describe the real ^-deformed Poincare group with *-involution, 
(a^)* = a^', (A^J* = A^^ if C* = "C • 

Subsequently we shall consider the deformed Minkowski space as Hopf algebra mod- 
ule of the twist-deformed relativistic symmetries. Using the general formula ()3.5|) we 
obtain the following -k - product (let us recall that o (a ® 6) = ah) 

Xf,i<x^ = u; o (e^'^(^''^"-^"^'')^(^*^-^-^^^^)x^ ® x^) (4.10) 

= u o x^® + z sinh -a; o [(x^r^^/i - Xar]/3^,) ® {xsrj^u - x^mJ) 

+ (cosh ^-l)iuo[J2 {xkS''^ ® xiS^^ + xi5\ ® Xfc^^J] , 

i=7,(5 

Xy "k X ^ X ^ "k Xp j^<->iy , 

hence 

= u;o[x^,a;^]^ (4.11) 
+ isinh-cjo [(r7a[^r7^^]{x/3,X5}® - Va[^lmu]{^P^X'y]<i^ 

+ (cosh - - 1)^ O ( ^ ^\^^^^u] [Xk, Xl](^) 

= ismh^[7]a[^ri^u]{xf3,xs} - ria[,iVsu]{xi3, x^} 

-VtSlfiVlu^Xa, Xs} + Vp[tiVSu]{Xa, X^}] , 

where ria[fj,ri^u] = VafiV-yu — VauV-jfj.- the formula ()4.1ip on rhs there is used the standard 
Abelian multiplication of the functions of classical Minkowski space. If we use the 
formula inverse to the one given in ()4.1Up expressing standard product in terms of star 
products (see e.g. fI7\ ) 

x^x^ = 000 {J^~^J^x^ O x^) =uj^o (e-K(^/35«-^-9/3)A(^^97-^79^)^^ ^ , (4.12) 
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one obtains the following form of the relation (|4.1H) 

[x^,x^]^ = ismh^cosh^{r]a[^,r]^u]{xp,Xs}^ - r]a[f,r]5u]{x(},x^}^ (4.13) 

-VP[li'niiy]{Xa,Xs}* + r]lS[fiVSu]{Xa,X^}^) 

- sinh^ ^( 5\^6^^^[xk,xi]^) . 

1=7,(5 

We may rewrite translation sector ()4.6p in the form 

[a^a1 = |sinhC(^t^5"l{«/3'«4-'5^^i5l{«/?,«7} (4-14) 

+ ^(1-coshc) Yl 

1=1,6 

Putting k A and / G B one gets the following non-vanishing commutators 

[xk.xi]^ = iiim\i-{ri^kri^i{xp,xs}^ - rjo^kmi^PiX-i)* (4-15) 

[a^a'] =itaBh^{5\5^^{af3,as} -5\5^s{^p,a^} (4.16) 

-6''f^6^^{aa, as} + d'^pd^ s{aa, a^}) , 

which are the same for Minkowski space generators describing the Hopf module of 
twisted Poincare algebra and for the translation sector of the corresponding quantum 
Poincare group. One can add that both multiplications in the formulae ()4.15|) . ()4.16p 
are associative which is guaranteed by the cocycle condition ()2.5|) [18j . 

5 Outlook 

Introduction of quantum symmetries as described by Hopf algebras permits to preserve 
the noncommutative structures depending on constant tensors and central elements. 
Particularly efficient is the description of quantum groups generated by the classical 
r-matrices satisfying classical Yang-Baxter algebra. It appears that in such a case 
the quantization of the symmetry is due to the twist factor, modifying the coalgebra 
structure. If A is the quantum symmetry module, the twist JF with the tensor structure 
JF~^ = /(.j^-j (g) /^2) determines the noncommutative multiplication in A [a, b E A) 

^^(« • &) = (/(!)«) (7(2) (5.1) 



12 



The novelty of this paper is to consider in physical basis some explicit examples of twists 
of Poincare algebra which provide linear and quadratic space-time commutators. 

In this paper we consider only the Abelian twists, with commutative carrier algebras. 
One can also introduce graded-Abelian twists, applied to super-Poincare algebra, and 
obtain the covariance of deformed super-space relations [2H]- The analogous discussion 
can be applied as well to the non- Abelian twists, in particular to the simple Jordanian 
twist for SL{2, C) JH] and its real forms. Such twists were classified by S. Zakrzewski 
1211 and now are under consideration. The next step is to study the twisted quantum 
symmetries and star product multiplication for quantum representation spaces in the 
case of extended twists (see e.g. jSHl E])- In particular the noncommutative repre- 
sentation spaces (e.g. quantum six- dimensional conformal space-time with signature 
(+++H )) can be studied in the case of twisted D = 4 conformal symmetries 'SOl. 

The twisted quantum geometries permit also to consider in explicit way as the rep- 
resentation spaces the quantum fields on noncommutative space-time and consider the 
noncommutative field theory with quantum group invariance. Following recent result 
of Wess and all |27j one can also apply the twist deformation to infinite-dimensional 
coalgebra of general coordinate transformations and deduce the definitions of the basic 
geometric objects in gravity theory on noncommutative space-time. 
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